Abstract. We prove that a compact Hermitian manifold with semi-positive but not identitically zero holomorphic sectional curvature has Kodaira dimension −∞. As applications, we show that Kodaira surfaces and hyperelliptic surfaces can not admit Hermitian metrics with semi-positive holomorphic sectional curvature although they have nef tangent bundles. We also give examples of projective manifolds in all dimensions such that they have smooth Kähler metrics with strictly positive holomorphic sectional curvature, but their anti-canonical line bundles are not even pseudo-effective.
Introduction
In this note, we study compact Hermitian manifolds with semi-positive holomorphic sectional curvature. It is well-known that, the holomorphic sectional curvature plays an important role in differential geometry and algebraic geometry, e.g. in Schwarz lemma between complex manifolds, and establishing the existence and nonexistence of rational curves on projective manifolds. However, the relationships between holomorphic sectional curvature and Ricci curvature, and the algebraic positivity of (anti-)canonical line bundle, and some birational invariants of the ambient manifold are still mysterious. In early 1990s, Yau proposed the following question in his "100 open problems in geometry" (e.g. [31, Problem 67] or [23, p.392 At first, we answer Yau's question partially, but in a more general setting. Theorem 1.2. Let (X, ω) be a compact Hermitian manifold with semi-positive holomorphic sectional curvature. Suppose the holomorphic sectional curvature is not identically zero, then X has Kodaira dimension −∞. In particular, if (X, ω) has positive Hermitian holomorphic sectional curvature, then κ(X) = −∞.
A complex manifold X of complex dimension n is called complex parallelizable if there exist n holomorphic vector fields linearly independent everywhere. It is wellknown that every complex parallelizable manifold has flat curvature tensor and so identically zero holomorphic sectional curvature. There are many non-Kähler complex parallelizable manifolds of the form G/H, where G is a complex Lie group and H a discrete co-compact subgroup. On the other hand, it is well-known that a complex parallelizable manifold is Kähler if and only if it is a torus ( [27, Corollary 2] ). Hence, a compact Kähler manifold (X, ω) with identically zero holomorphic sectional curvature must be a torus.
As an application of Theorem 1.2, we obtain new examples of Kähler and nonKähler manifolds which can not support Hermitian metrics with semi-positive holomorphic sectional curvature. Corollary 1.3. Let X be a Kodaira surface or a hyperelliptic surface. Then X has nef tangent bundle, but X does not admit a Hermitian metric with semi-positive holomorphic sectional curvature.
It is well-known that Kodaira surfaces and hyperelliptic surfaces are complex manifolds with torsion anti-canonical line bundles. Hence they are all complex Calabi-Yau manifolds. Note also that Kodaira surfaces are all non-Kähler. Here, X is said to be a complex Calabi-Yau manifold if it has vanishing first Chern class, i.e. c 1 (X) = 0. Moreover, Corollary 1.4. Let X be a compact Calabi-Yau manifold. If X admits a Kähler metric with semi-positive holomorphic sectional curvature, then X is a torus.
Note that diagonal Hopf manifolds are all non-Kähler Calabi-Yau manifolds with semi-positive holomorphic sectional curvature( [22, 30] ).
Next, we study the relationship between the positivity of holomorphic sectional curvature and the algebraic positivity of anti-canonical line bundles. In the negative holomorphic sectional curvature case, Bun Wong proved in [28] that if (X, ω) is a compact Kähler surface with negative holomorphic sectional curvature, then the canonical line bundle K X is ample by using the Enriques-Kodaira's classification of compact complex surfaces. Recently, Heier-Lu-Wong showed in [14] that if (X, ω) is a projective threefold with negative holomorphic sectional curvature, then K X is ample. Moreover, by assuming the still open "abundance conjecture" in algebraic geometry, they also confirmed the statement for higher dimensional projective manifolds. On the other hand, by using Schwarz lemma, Wong-Wu-Yau proved in [29] that if (X, ω) is a compact projective manifold with Picard number 1 and quasi-negative holomorphic sectional curvature, then K X is ample. For more related discussions, we refer to [16, 15, 6] and the references therein.
One may wonder whether similar statements hold for manifolds with positive holomorphic sectional curvature. More precisely, Question 1.5. If (X, ω) is a projective manifold, and ω is a smooth Kähler metric with strictly positive holomorphic sectional curvature, does K −1 X has any weak positivity in analytic or algebraic sense?
On a compact Kähler manifold, there are various terminologies to characterize the positivity of line bundles, e.g. ample, semi-ample, numerically effective, big and pseudo-effective line bundles. They all have certain positivity described by the curvatures associated to certain Hermitian metrics (on projective manifolds, they are described by cones of the corresponding divisors). It is well-known that the weakest positivity condition is "pseudo-effective-ness", i.e. ample line bundles, semi-ample line bundles, numerically effective line bundles and big line bundles are all pseudoeffective. On a compact complex manifold, a line bundle L is said to be pseudoeffective, if there exists a (possibly) singular Hermitian metric h on L such that the curvature − √ −1∂∂ log h of L is semi-positive in the sense of current. Or equivalently, on a projective manifold X, a line bundle L is called pseudo-effective, if c 1 (L) is in the cone in H 1,1 R (X) generated by the effective divisors. Our second main result exhibits a negative answer to Question 1.5 and demonstrates that the behavior of positive holomorphic sectional curvature on projective manifolds is rather different from that of negative holomorphic sectional curvature. Moreover, we obtain Theorem 1.6. For any n ≥ 2, there exists an n-dimensional compact projective manifold X, such that X has a smooth Kähler metric with strictly positive holomorphic sectional curvature, and
X of X is not pseudo-effective. Finally, we discuss curvature relations on Hermitian manifolds by explicit examples. As it is well-known that, on a Kähler manifold (X, ω), the Riemannian scalar curvature of the background metric is (twice of) the (Chern) scalar curvature of the Kähler metric. However, on a Hermitian manifold, the Riemannian scalar curvature is different from the Chern scalar curvature. In the previous work [22] , we have written down explicitly various scalar curvature relations (e.g. [22, Corollary 4.4] ) on Hermitian manifolds. In particular, we constructed in [22, Theorem 1.4 ] that Theorem 1.7. For any n ≥ 2, there exists an n-dimensional compact complex manifold X with c 1 (X) ≥ 0, such that X admits three different Gauduchon metrics ω 1 , ω 2 and ω 3 with the following properties. (A sketched proof of Theorem 1.7 is given in Theorem 5.1.) This result demonstrates that the behavior of Riemannian scalar curvature is not controlled by the first Chern class of the manifold. Similarly, we show the (semi-)positivity of the holomorphic sectional curvature is not related to that of the Ricci curvature (one direction is known from Theorem 1.6). Theorem 1.8. For any n ≥ 2 , there exists an n-dimensional compact complex manifold X with c 1 (X) ≥ 0, such that there exists a smooth family of Gauduchon metrics {ω t } t∈R on X such that
3) when t ∈ [0, +∞), the holomorphic sectional curvature of ω t is semi-positive; However, when t ∈ (−∞, 0), the holomorphic sectional curvature of ω t is not semi-positive anymore.
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Preliminaries
Let (E, h) be a Hermitian holomorphic vector bundle over a compact complex manifold X with Chern connection ∇. Let {z i } n i=1 be the local holomorphic coordinates on X and {e α } r α=1 be a local frame of E. The curvature tensor R ∇ ∈ Γ(X, Λ 2 T * X ⊗ E * ⊗ E) has components (2.1)
∂h γβ ∂z j (Here and henceforth we sometimes adopt the Einstein convention for summation.) In particular, if (X, ω g ) is a Hermitian manifold, (T 1,0 M, ω g ) has Chern curvature components
∂z i ∂z j and it is well-known that the Chern-Ricci form represents the first Chern class of the complex manifold X (up to a factor 2π). The Chern scalar curvature s of (X, ω g ) is defined as
For a Hermitian manifold (X, ω g ), we define the torsion tensor 
Definition 2.1. Let (X, ω) be a compact Hermitian manifold. (X, ω) has positive (resp. semi-positive) holomorphic sectional curvature, if for any nonzero vector ξ = (ξ 1 , · · · , ξ n ),
Definition 2.2. Let X be a compact complex manifold and L → X a line bundle.
(1) L is said to be positive (resp. semi-positive) if there exists a smooth Hermitian metric h on L such that the curvature form R = − √ −1∂∂ log h is a positive (resp. semi-positive) (1, 1)-form.
(2) L is said to be pseudo-effective, if there exists a (possibly) singular Hermitian metric h on L such that the curvature R = − √ −1∂∂ log h is positive in the sense of current.
Let P be the set of pseudo-effective line bundles. It is easy to see that P is a cone and it is the largest cone under the "weak positivity" condition (in the sense of Demailly). For instance, semi-positive line bundles positive line bundles are all contained in P. For more details, we refer to Demailly's book [8] .
Definition 2.3. Let X be a compact complex manifold. The Kodaira dimension κ(X) of X is defined to be
where the logarithm of zero is defined to be −∞.
Hermitian manifolds with semi-positive holomorphic sectional curvature
In this section, we discuss the relationship between holomorphic sectional curvature and the Kodaira dimension of the ambient manifold. It is well-known that, on a Kähler manifold (X, ω), if the total scalar curvature X sω n is positive, then κ(X) = −∞ (e.g. [31, Theorem 1] or [16, Theorem 1.1]). However, in general, it is not true for non-Kähler metrics which can be seen from the following example.
Example 3.1. Let (T 2 , ω) be a torus with the flat metric. For any non-constant smooth function f ∈ C ∞ (T 2 ), the Hermitian metric ω f = e f ω has strictly positive total Chern scalar curvature and κ(T 2 ) = 0. Indeed, det(ω f ) = e 2f det(ω) and
The total scalar curvature of ω f is given by
if f is not constant, where we use the Stokes' theorem in the third identity.
On the other hand, it is also well-known that, on Hermitian manifolds, there are many curvature notations and the curvature relations are more complicated than the relations in the Kähler case because of the non-vanishing of the torsion tensor (e.g. [20, 22] ).
Theorem 3.2. Let (X, ω) be a compact Hermitian manifold with semi-positive holomorphic sectional curvature. Suppose the holomorphic sectional curvature is not identically zero, then X has Kodaira dimension κ(X) = −∞.
Proof. Let (X, ω) be a compact Hermitian manifold with semi-positive holomorphic sectional curvature. At a given point p ∈ X, the maximum holomorphic sectional curvature is defined to be
where H(W ) := R(W, W , W, W ). Since X is of finite dimension, the maximum can be attained. Suppose the holomorphic sectional curvature is not identically zero, H p > 0 for some p ∈ X. For any q ∈ X. We assume g ij (q) = δ ij . If dim C X = n and [ξ 1 , · · · , ξ n ] are the homogeneous coordinates on P n−1 , and ω F S is the FubiniStudy metric of P n−1 . At point q, we have the following well-known identity(e.g. [21, Lemma 4.1]):
(3.1)
.
where s is the Chern scalar curvature of ω and s is defined as
Hence if (X, ω) has semi-positive holomorphic sectional curvature, then s + s is a non-negative function on X. On the other hand, at point p ∈ X, s + s is strictly positive. Indeed, since H p > 0, there exists a nonzero vector ξ ∈ T 1,0
> 0. By (3.1), the integrand is quasi-positive over P n−1 , and so s + s is strictly positive at p ∈ X. Note that in general if (X, ω) is not Kähler, s and s are not the same. By [22, Section 4], we have the relation
Indeed, we have
where we use the formula (2.5) in the last identity. Therefore, we have
Now we use Gauduchon's conformal method ( [11, 12] , see also [2, 3] ) to find a Hermitian metric ω in the conformal class of ω such that ω has positive Chern scalar curvature s.
ω be a Gauduchon metric in the conformal class of ω for some positive weight function f 0 ∈ C ∞ (X). Let s G , s G be the Chern scalar curvatures with respect to the Gauduchon metric ω G . Then we have
Similarly, by the relation ∂ *
Therefore, if s + s is quasi-positive, we obtain
Next, there exists a Hermitian metric h on K −1 X which is conformal to det(ω G ) on K
Indeed, let f ∈ C ∞ (X) be a strictly positive function satisfying
is the metric we need. Note that the existence of solutions to (3.6) is well-known by Hopf's lemma. Finally, we deduce that the conformal metric
is a Hermitian metric with positive Chern scalar curvature. Indeed, the Chern scalar curvature s is,
Hence, if σ ∈ H 0 (X, mK X ) for some positive integer m, by the standard Bochner formula with respect to the metric ω, one has (3.7)
where |•| ω is the pointwise norm on mK X induced by ω and ∇ ′ is the (1, 0) component of the Chern connection on mK X . Since s is strictly positive, by maximum principle we have |σ| 2 ω = 0, i.e. σ = 0. Now we deduce the Kodaira dimension of X is −∞. Remark 3.3. Note that, a special case of Theorem 3.2 is proved in [3] that when dim C X ≤ 3 and (X, ω) has strictly positive holomorphic sectional curvature, then X has Kodaira dimension −∞.
As an application of Theorem 3.2, we have Corollary 3.4. Let X be a Kodaira surface or a hyperelliptic surface. Then X has nef tangent bundle, but X does not admit a Hermitian metric with semi-positive holomorphic sectional curvature.
Proof. It is well-known that the holomorphic tangent bundles of Kodaira surfaces or hyperelliptic surfaces are nef (e.g. [9] or [30] ). On the other hand, if X is either a Kodaira surface or a hyperelliptic surface, then X has torsion canonical line bundle, i.e. K 
4] and [1]). It is proved by Wang in [27, Corollary 2] that a complex parallelizable manifold is Kähler if and only if it is a torus. It is a contradiction.
Let X be a complex manifold. X is said to be a complex Calabi-Yau manifold if c 1 (X) = 0. Proof. Let X be a compact Kähler Calabi-Yau manifold, then it is well-known that (e.g. [24, Theorem 1.5]), K X is a holomorphic torsion, i.e. there exists a positive integer m such that K ⊗m X = O X . In particular, κ(X) = 0. Suppose X has a smooth Kähler metric ω with semi-positive holomorphic sectional curvature, then by Theorem 3.2, X has constantly zero holomorphic sectional curvature. As shown in Corollary 3.4, (X, ω) is flat and so it is a complex parallelizable manifold, i.e. X is a torus. 
Projective manifolds with strictly positive holomorphic sectional curvature
To simplify notations, we make the following convention: in this section, we also use mL to denote the tensor power L ⊗m of a line bundle L if there is no confusion. As we know from the introduction, on a projective manifold X with dimension ≤ 3 or with Picard number 1, if there exists a Kähler metric with negative holomorphic sectional curvature, then the canonical line bundle K X is ample. However, the positivity of holomorphic sectional curvature does not imply the algebraic positivity of the anticanonical line bundle K −1 X . 9
Theorem 4.1. For any n ≥ 2, there exists an n-dimensional compact projective manifold X, such that X has a smooth Kähler metric ω g with positive holomorphic sectional curvature, and
X ) = 0, for all m > 0. In particular, the anti-canonical line bundle K −1 X of X is not pseudo-effective. Proof. Let Y be the Hirzebruch surface Y := P (O P 1 (−k) ⊕ O P 1 ) for k ≥ 4 which is a P 1 -bundle over P 1 . It is easy to see that Y is projective since it carries an ample line bundle. Let E be any vector bundle and L be any line bundle over 
where π is the projection Y = P(E * ) → P 1 . In particular, we have
For any m ≥ 1, we have
By the direct image formula (e.g. [19, p .90]), we have
where S 2m E is the 2m-symmetric product of E. One can see that S 2m E is a direct sum of line bundles over P 1 and it contains a factor of trivial line bundle O P 1 since E is a direct sum and also contains a trivial factor. When k ≥ 3, O P 1 (2m − km) is a negative line bundle, and so S 2m E ⊗ O P 1 (2m − km) contains a negative factor. Therefore, we deduce
where π is the projection Z = P( E * ) → P 1 . In particular, we have
Suppose the anti-canonical line bundle K
−1
Z is pseudo-effective, then so is O Z (1) when k ≥ 4. However, the vector bundle E = O P 1 (k − 1) ⊕ O P 1 (−1) contains a negative factor which is a contradiction. Therefore, K −1
can not be pseudo-effective.
Fix a compact projective manifold (W, ω) with complex dimension n − 2 which has a smooth Kähler metric ω with positive holomorphic sectional curvature. For instance, (W, ω) = (P n−2 , ω F S ). Let X = Y × W , π 1 : X → Y and π 2 : X → Z be the canonical projections. By this product structure, we see K
W ) is not pseudo-effective. We also claim that H 0 (X, mK 
which is semi-positive as a current since log |ϕ| 2 is plurisubharmonic. In particular, mK
X is pseudo-effective which is a contradiction. It is well-known ( [17] or [23, p.292] ) that the Hirzebruch surface Y = P (O P 1 (−k) ⊕ O P 1 ) has a smooth Kähler metric with positive holomorphic sectional curvature. Indeed, let ω B be the Fubini-Study metric on the base P 1 of π : Y → P 1 . Let h be the positive Hermitian metric on vector bundle O P 1 (k + 1) ⊕ O P 1 (1) induced by the Fubini-Study weights. Therefore, Y has a Kähler metric ω E in the first Chern class of the tautological line bundle O P(O P 1 (−k−1)⊕O P 1 (−1)) (1) induced by the metric h. It is obvious that when ω E is restricted on each fiber of Y , we obtain the standard Fubini-Study metric on the fiber P 1 . We define a smooth Kähler metric on Y by
for ε sufficiently small (see also [31, p.217] ). It is obvious that ω Y has positive holomorphic sectional on the fiber direction since holomorphic sectional curvature is decreasing in submanifolds. On the other hand, if the scaling factor ε is sufficiently small, the positive holomorphic sectional curvature of π * (ω B ) in the base direction can dominate the holomorphic sectional curvature of ω Y in the base direction and also the mixed direction. Hence, ω Y has positive holomorphic sectional curvature.
Since W also has a smooth Kähler metric with positive holomorphic sectional curvature, the product manifold X = W × Y has a product Kähler metric ω g with positive holomorphic sectional curvature. By formula (3.1), the scalar curvature s of (X, ω) is positive. For any σ ∈ H 0 (X, mK X ), by the standard Bochner formula we have
where ∇ ′ is the (1, 0) component of the Chern connection on mK −1 X . So by maximum principle we obtain σ = 0. The proof of Theorem 4.1 is completed.
As an application of Theorem 4.1, we have Corollary 4.2. There exists a line bundle L over a projective manifold X of complex dimension n which satisfies: for any vector bundle E, there exists a positive integer m 0 (X, L, E) such that when m ≥ m 0 ,
Proof. Let (X, ω) be the projective manifold constructed as in Theorem 4.1 and
X . Hence L has a smooth Hermitian metric h L = det(ω n ). Let h E be any smooth Hermitian metric on E. Let E be the holomorphic vector bundle E ⊗ Λ i T * 1,0 X and h E the smooth Hermitian metric on E induced by h E and ω g . Clearly the metric h E is independent of m.
be the Chern curvature tensor of ( E, h E ) with respect to local holomorphic frames on X and E. Let Ric E be the endomorphism of E with components R αβ = g ij R ijαβ . Now we define m 0 (X, L, E) as follows. Let
Since the manifold is compact and the scalar curvature s is strictly positive, m 1 must be finite. We choose m 0 (X, L, E) to be an integer larger than
. Hence, at a maximum value point x of |σ| 2 , we know σ(x) = 0. Therefore σ is a zero section.
Remark 4.3. Note that the condition 4.6 implies L is naively (n − 1)-ample (defined by Totaro in [26] ). It is well-known that naively 0-ample line bundles are ample line bundles in the usual sense by the Cartan-Serre-Grothendieck criterion. This is a precise example states that naively (n − 1)-ample line bundles are not necessarily pseudo-effective. For more discussions on naive q-ampleness, we refer to the recent works [26] , [13] and also the references therein. It is well-known that, if L m ⊗ E is dual-Nakano positive, then we have precisely the vanishing cohomology groups as in (4.6). However, in Corollary 4.2, L m ⊗E is not pseudo-effective in general. Hence, the vanishing of corresponding cohomology groups is too weak to deduce the positivity of vector bundles.
Examples of curvature relations on Hermitian manifolds
In this section, we study curvature relations on Hermitian manifolds by explicit examples. On non-Kähler compact complex manifolds, the Hermitian metrics are not d-closed, and so we can not use Dolbeault cohomology class to describe them. We introduce the Aeppli cohomology group on compact complex manifolds:
A (X) and the first Aeppli-Chern class has been investigated in our previous paper [22] and a number of results are obtained. For example, the first Aeppli-Chern class is represented by the curvature form of the complexified Levi-Civita connection; the vanishing of the first Chern class implies the vanishing of the first Aeppli-Chern class.
Theorem 5.1. For any n ≥ 2, there exists an n-dimensional compact complex manifold X with c 1 (X) ≥ 0, such that X admits three different Gauduchon metrics ω 1 , ω 2 and ω 3 with the following properties. Proof. Let Y = S 3 ×S 1 be the standard Hopf surface. It is diffeomorphic to C 2 −{0}/G where G is cyclic group generated by the transformation z → 1 2 z. It has an induced complex structure from C 2 − {0}. On Y , one can define a smooth Hermitian metric
where g ij = 4δ ij |z| 2 . It is easy to see that ∂∂ω = 0, i.e. ω is a Gauduchon metric. We proved in [22, Section 6.2] that ( when the complex dimension n = 2),
has firs Chern-Ricci curvature Ric(ω λ ) = 2 √ −1∂∂ log |z| Let (Z, ω Z ) be any compact Kähler manifold with zero (Chern) scalar curvature. For example we can take (Z, ω Z ) as standard (n − 2)-torus (T n−2 , ω T ). Hence the background Riemannian metric has zero Riemannian scalar curvature. Let X be the product manifold Y × Z, and ω X be the product metric on ω Z and ω λ . It is obvious that (X, ω X ) is a Gauduchon metric with semi-positive Chern-Ricci curvature and positive constant Chern scalar curvature. Moreover, the Riemannian scalar curvature of ω X equals the Chern scalar curvature of ω λ thanks to the product structure.
Remark 5.2. From the proof of Theorem 5.1, it is easy to see that X = P n−2 ×S 1 ×S 3 also has the properties described in Theorem 5.1. This is case c 1 (X) ≥ 0 and c 1 (X) = 0. Indeed, if we take the Fubini-Study metric ω F S on P n−2 and by scaling, the scalar curvature of λω F S is λ −1 (n − 1)(n − 2) which can be arbitrarily small if λ is large. That means, we can find three Gauduchon metrics on X which satisfy the conditions in Theorem 5.1. Proposition 5.3. Let X = S 2n−1 ×S 1 be the standard diagonal n-dimensional (n ≥ 2) Hopf manifold. Let Ω λ = √ −1h ij dz i ∧ dz j be a family of Hermitian metrics on X with
Then
(1) ω λ has the same semi-positive Chern-Ricci curvature for all λ < 1; (2) The holomorphic sectional curvature of Ω λ is semi-positive when −1 ≤ λ < 1. When λ < −1, the holomorphic sectional curvature of Ω λ is not semi-positive.
Proof. We have det(h ij ) = (1 − λ)|z| −2n and so
It is easy to see that
The Chern curvature tensor is
and Let a = |z · ξ| 2 and b = |z| 2 |ξ| 2 , then By using Schwarz inequality, b ≥ a ≥ 0. It is easy to see that, for any −1 ≤ λ < 1
and " = " is achieved when a = b, i.e., ξ is parallel to z. When λ < −1, R kjiq ξ k ξ j ξ i ξ q is not semi-positive which can be seen from a = 0.
Finally, we prove Theorem 1.8.
Theorem 5.4. For any n ≥ 2 , there exists an n-dimensional compact complex manifold X with c 1 (X) ≥ 0, such that there exists a smooth family of Gauduchon metrics {ω t } t∈R on X such that
A (X) for all s, t ∈ R; (2) Ric(ω s ) = Ric(ω t ) ≥ 0 for all s, t ∈ R; (3) when t ∈ [0, +∞), the holomorphic sectional curvature of ω t is semi-positive; However, when t ∈ (−∞, 0), the holomorphic sectional curvature of ω t is not semi-positive anymore.
Proof. In Proposition 5.3, we set λ = 1 − 2e −t and define new metrics on S 3 × S 1 as A (S 3 × S 1 ). Since ω t = 1 2 e t · Ω 1−2e −t , Ric( ω s ) = Ric( ω t ) and the holomorphic sectional curvature of ω t is semi-positive when t ∈ [0, +∞). However, when t ∈ (−∞, 0), the holomorphic sectional curvature of ω t is not semi-positive anymore. Note also that c 1 (S 3 × S 1 ) = 0. Let X = S 3 × S 1 × P n−2 and ω t the product metric of ω t on S 2n−1 × S 1 and the fixed Fubini-Study metric ω F S on P n−2 . Thanks to the product structure of (X, ω t ), ∂∂ω k t = 0 for all k. In particular, ω t are all Gauduchon metrics, i.e. ∂∂ω n−1 t = 0. Moreover, it is easy to see that the following properties hold for the family {ω t } t∈R if and only if they hold for { ω t } t∈R A (X) for all s, t ∈ R; (2) Ric(ω s ) = Ric(ω t ) ≥ 0 for all s, t ∈ R; (3) when t ∈ [0, +∞), the holomorphic sectional curvature of ω t is semi-positive; However, when t ∈ (−∞, 0), the holomorphic sectional curvature of ω t is not semi-positive anymore.
